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Abstract 

An integral representation result is obtained for the relaxation of a class of energy functionals depend¬ 
ing on two vector fields with different behaviors, which may appear in the context of image decomposition 
and termochemical equilibrium problems. 
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1 Introduction 


Minimization of energies depending on two independent vector fields have been introduced to model several 
phenomena. Namely, when u is a Sobolev function in > 1, and v is in the study of these 

energies (see (ll.l|) l was motivated by the analysis of coherent thermochemical equilibria in a multiphase 
multicomponent system, with Vu representing the elastic strain and v the chemical composition of the 
material. In the theory of linear magnetostriction, the stored energy depends on the linearized strain and 
the direction of magnetization, we refer to [TUB] and the references therein for more details. Moreover, 
when p = q this type of energies is used to model Cosserat theory and bending phenomena in nonlinear 
elasticity and also for the description of thin structures, see [10] and [4]. Here v takes into account either 
Cosserat vectors or bending moments and Vu is the elastic strain. When u is a function of bounded variation, 
functionals similar to dm enter into image decomposition models, i.e., in order to denoise and restore a 
given image /, it is required to minimize a functional which is the sum of a ’total variation’ term (i.e. a 
norm of Du) and a penalization term, i.e. a norm in a suitable functional space of f — u — v. Essentially 
/ can be decomposed into the sum of two components u and v. The first component (cartoon), u, is well 
structured and it describes the homogeneous objects which are present in the image. The second component, 
V, contains the oscillating pattern (both textures and noise), and we refer to [131 El El El l2] among the 
wide literature in this field. 

In order to cover a wide class of applications we start from the functional setting x L^, with 

anysotropic energies with linear growth in the gradient variable Vm. Indeed, let 1 < p < oo, for every 
{u,v) S IT^’^(H;]R") X LP(f2;K™) define the functional 

J{u,v) := / f{x,u{x),v{x),Vu{x))dx (1-1) 

Jn 

where f : fl x K" x K™ x [0, -boo) is a continuous function. We discuss separately the cases 

1 < p < oo and p = oo. Thus we introduce for 1 < p < oo the functional 

Jp{u,v) := inf{liminf J(m„,«„) : G IT^’^(H;K”), Vn G L^(H;]R'”), —?> u in L^, ^ u in L^}, (1.2) 

n—^oo 

for any pair {u,v) G i3V(H;IR.") x LP(il;]R"’') and, for p = oo the functional 


Jod{u, v) := inf{liminf J(u„, Vn) '■ Un G W^'^{VL] R"), G L°°(H; R'") 


u in 


u in L“}, 


(1.3) 
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for any pair {u,v) e BV{n;R^) x 

Since bounded sequences {un} in converge in to a BV function u and bounded sequences 

{vn} in LP{n-, R’") if 1 < p < oo, weakly converge to a function v € LP{n; R*”), (weakly * in L°°), the relaxed 
functionals Jp and Joo will be composed by a Lebesgue part, a jump part concentrated on the jump set of 
u € BV (ri; R™) and a Cantor part, absolutely continuous with respect to the Cantor part of the distributional 
gradient Du. On the other hand, as already emphasized in [7], it is crucial to observe that v is not defined on 
the jump and the ’Cantor part’ sets of u, thus specific features of the density / will come into play to ensure 
a proper integral representation. The one of (11.211 is obtained in [5], via the blow-up method introduced in 
[S], under the following hypotheses: 

(Hq) f{x,u, •, •) is convex-quasiconvex for every (x,m) G 0 x R”; 

{Hi)p There exists a positive constant C such that 

4(|fer + ICI) -C < f{x, u, b, 0 < C{1 + \b\P + 1^1) for every {x, w, 6, ^ G x R" x R™ x R”^^; 
o 

{H 2 )p For every compact set C x R" there exists a continuous function ojk ■ R —>-[0, -boo) with ujk{0) = 0 
such that 


(1) \f{x,u,b,^) - f{x',u',b,^)\ < u}k{\x - x'\ -b |m - «'!)(! -b -b |CI) for every {x,u,b,^) and 
(x', u', b,^) G K xR^ X R”x^; 

(2) Moreover, given xq G and e > 0 there exists <5 > 0 such that if |a; — xqI < <5 then 

f{x, u, b, 0 - fixo, u, b, > -e(l -b \b\P + |C|), for every {u, b, G R” x R”" x 
(iJajp There exist c'>0, L>0, 0<r<l, 0<s<p such that 


t > 0, ^ G 


^nxN 


with t\^\ + t\b\P > L 


f{x,u,t^b,tCj 


- f^{x,u,b,^) 


< d 


(\b\^ , 


A-- 
t p 


for every (x, u) G Q x where is the (p, 1)- recession function of / defined for every (x, u, b, € 


as 


:= limsup 

t —¥-\-00 


f{x,u,t^b,tO 


(1.4) 


Theorem 1.1 Let J and Jp be given by dnj and m respectively, with f satisfying (Hq), (Hi)p — {H^)p 
then 


Jp(u,v)= / f{x,u,v,Vu)dx+ / Kp{x,0,u^,u ,Vu)d'}i^ ^ + / f^{x,u,0, 


dDu 

d\D‘^u\ 


d\D^u\, 


for every {u,v) G 514(11; R”) x LP(H;R™), where Kp : 12 x R" x R” x R™ x ^ [0,-boo) is defined as 


Kp{x,c,d,b,v) := inf f^{x,w{y),r]{y),Vw{y))dy : w G A{c,d,v),'q G R™), ^ 'n{y)dy = &| , 


(1.5) 


with 


A{c,d,v) := {w G 1TF1(Q,,;R") : w{y) = c if y ■ v = \,w{y) = d if y ■ v = 


w is 1-periodic in vi,, vn-i directions}. 

In order to provide an integral description of the functional Joo j introduced in (11.31) , in we proved Theorem 
11.21 replacing assumptions (iJi)p — (J73)p by the following ones: 

{Hi)oc Given M > 0, there exists Cm > 0 such that, if |6| < M then 

T^iei - Cm < f{x,u,bA) < Cm( 1 + |?|), for every (a;,n,0 G 12 x R" x R"x^; 
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{H 2 )oo For every M > 0, and for every compact set K C x M" there exists a continuous function 
WM.if (0) = 0 such that if |5| < M then 

\f{x,u,b,i) - f{x',u',b,C)\ < ujm,k{\^ - ^'\ + W-u'Dil + 1^1) 

for every (a;, u, ^), {x', u', G K x . Moreover, given M > 0, xq G ft, and e > 0 there exists d > 0 
such that if |6| < M and |a; — xq] < S then 

f{x, u, b, - f{xo, u, b, 0 > -e(l + ICI) for every {u, S K" x 

(F^ 3 )oo Given M > 0, there exist c'^ > 0, L > 0, 0 < r < 1 such that 

f{x,u,b,t^) 


\b\<M,t>0,^G with t\^\ > L 


t 


- f^ix,u,b,C) 


<c ^ 

- .r 


for every {x, u) G ^Ix R", where f°°{b, is the {p, oo)—recession function, i.e. the ‘standard’ recession 
function in the last variable, defined for every (x, u,b,^) G x R" x R™ x R^^" as 


f°°{x,u,b,^) :=limsup 

t —^~1“00 


f{x,u,b,t^) 


t 


( 1 . 6 ) 


Theorem 1.2 Let J and Joo be given by (HU and (HU respectively, with f satisfying (Hq), (i?i)oo — (Hs) C 
then 


Joo{u,v)= / f{x,u,v,S/u)dx+ / i4roo(a:, 0,M+,u ,Vu)d'H + / /°° a;,M, 0, 


dDu 


d\D‘= 


d|£i%|. 


for every {u,v) G i3M(r2;R") x LP(fl;R™), where K^o '■ ^ x R” x R” x R"* x ^ [0,+oo) is defined by 

Koo{x, c, d, b, u) := inf | J f°°{x, w{y),r]{y), Vw{y))dy : w G M(c, d,v),-q G L°^{Q„; R™), J y{y)dy = b 


(1.7) 


2 Conclusions 

The above results generalize those contained in [aiH] to the case where / depends also on x and u and extend 
those contained in mi to the case where it appears in the energy an extra field v, which can be interpreted 
both as the chemical composition of a material, as a Cosserat director in elasticity theories, and as the noise 
(and texture) component in the imaging models (see for instance [TTJ [T31 HH [H] ). Moreover, Theorem ll.il 
recovers Theorem 1.1], where additive models, arising from imaging applications, are considered. 

It is worth to observe that the functional J in (11.11) is well defined also for v G T^(r2;R”^) and the 
asymptotic behaviour of Jp can be studied when p = 1 and the the weak topology in is replaced by the 
weak * convergence in the sense of measures, thus leading to a relaxed functional defined in BV{Lt;R'^) x 
AI(n;R'"). Indeed, an integral representation can be deduced by [3] when the density / does not depend 
on x and u and has linear growth in both variables (6, ^). In this latter case the integral representation is 
composed by four terms, being necessary to consider an integral with respect the part of the measure v which 
might be singular with respect to Du and the involved density contains the standard recession function 
defined as 

r{b,f) :=limsup^^^^. 

The proofs of Theorems II.II and II.21 are contained in in the easier case when f = f{h,£f). In this latter 

case both Kaa and Kp reduce to the recession function f°° evaluated at 0, namely 

Kp{Q,u'^,u~ ,Vu) = 7700(0,14+, = /°° (0, Il®u) = /“(O, (it+ - u~) (g) Vu). 
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Observe that, besides the set of assumptions on /, (i?i)p — (i? 3 )p, differs from (-ffi)oo — (-^ 3)00 and in 
general /°“ ^ /“, the equality between (II. 4p and (II. 6 p holds when 6 = 0. We stress the fact that in other 
assumptions on /, which allow to achieve both theorems above, are also discussed. 

It is worth to observe also that assumption (iifo) can be removed, thus replacing / by its convex- 
quasiconvex envelope in the above integral representations, (IE5| and (ini). 
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